Determination of wave function is very essential in the calculation of static and dynamic properties like masses and decay constants of pseudo scalar mesons and masses of vector mesons . We useDalgarno's perturbation theory and Variationally Improved Perturbation Theory (VIPT) to solve the Schroedinger equation in a QCD inspired potential model with the Cornell potential which consists of coulomb and linear potential. We use both the options like Columbic parent firstly and then linear parent while using the VIPT method. Comparison of both these methods and also with experimental results are done in the calculation of masses and decay constants.
+br). The method is now well known as : V ariationallyImprovedP erturbationT heory(V IP T ). Later,it was applied by Fernandez [13] in the calculation of exact perturbation correction to energy and wave-function for the same potential.
The method substantially reduces the limitations of usual perturbation theory through the use of Variational method over it. In usual perturbation theory,the parent potential must be strong enough compared to the perturbed part so that the results can be expressed in a converging finite series upto higher orders. However,the smallness of the parameters in the chosen parent potential the convergence may be lost and then we use the variational method with a known trial wave function and then optimize it to get the new parameters which would make the parent potential strong enough over the perturbed one to use perturbation theory(eg.α instead of α,with α ′ > α).One advantage of VIPT is that it does not concern about whether we have a good unperturbed Hamiltonian or not.
With these motivation,in the present work,we have extended this method(VIPT) to heavylight mesons to estimate some of their static properties,such as:Masses,Leptonic Decay Constants,Oscillation frequency etc. We recall that while using VIPT to heavy quark Physics for linear plus coulomb Cornell potential, we have two choices: 1.Coulomb as Parent and Linear as Perturbation, 2.Linear as Parent and Coulomb as Perturbation. We consider both the options in our calculations. A brief comparison is made between the two options,as well as with the results obtained from Dalgarno's perturbation theory [17] and our recent results with only variational approach [18] . At the same instant,we also compare our results with those of more advanced tools like lattice QCD and QCD Sum Rules.
The manuscript is arranged as:in the section 2 we give the formalism with two methods:Dalgarno's perturbation theory and Variationally Improved Perturbation Theory,in section 3 we discuss the results on masses and decay constants of Heavy Flavour mesons and in section 4 we summarize the conclusion.
2 Formalism:
Dalgarno's perturbation Theory:
In Dalgarno's perturbation theory, we make small deformation to the Hamiltonian of the system,
where H 0 is the Hamiltonian of the unperturbed system and H ′ is the perturbed Hamiltonian. The approximation method is most suitable when H is close to the unperturbed Hamiltonian H 0 , i.e. H ′ is small. The standard potential is [19] ,
This Coulomb-plus-linear potential, called Cornell potential is an important ingredient of the model which is established on the two kinds of asymptotic behaviours: ultraviolet at short distance (Coulomb like) and infrared at large distance (linear confinement term).
The Schrödinger equation takes the form
so that the first-order perturbed eigenfunction ψ (1) and eigen energy W (1) can be obtained using the relation
where H 0 is the parent Hamiltonian defined as,
and
With Cornell potential we get two choices:
1.Coulomb Parent Linear Perturbation. 2.Linear Parent Coulomb Perturbation.
1.Coulomb Parent Linear Perturbation:
For the first option using Dalgarno's perturbation theory,we get the total wave-function as,
where the normalization constant is
where,µ = mqm Q mq+m Q is the reduced mass,"b" is the confinement parameter and a 0 = 3 4µαs . Now,while using linear part as perturbation,it was observed [2] , [6] ,that perturbation is valid for very small value of the confinement parameter b ∼ 0.03GeV 2 . But this value is very small compared to the values obtained from Charmonium spectroscopy (b ∼ 0.183GeV 2 ).To overcome this problem,an additional scaling parameter c was introduced in Cornell potential,which can accommodate physical value of confinement parameter b . But,this is in contradiction with the quantum mechanical idea that the presence of a constant term in the potential should not effect the wave-function [6] . Hence,while using Dalgarno,s perturbation theory to heavy flavour physics,we are restricted to only one option with the Cornell Potential that Linear term must be considered as parent.
2.Linear Parent Coulomb Perturbation:
For the second option,we consider the linear as parent and Coulomb as perturbation and following Dalgarno's perturbation technique we get the total wave function as,
where,B = 
With,
While dealing with the Airy function as the trial wave-function of variational method with Cornell potential,the main problem is that the wave-function has got a singularity at r = 0. The presence of singularity in a wave-function is not new and in QED also such singularities appear. Therefore as discussed in our previous work [18] ,to calculate the wave-function at the origin,we follow a second method as Quigg [20] . In this method,the wave-function at the origin is found from the condition,|ψ(0)
δV δr
,and comparing with the works of Quigg,we find the variational parameter b ′ .
Variationally Improved Perturbation Theory:
In VIPT the total Hamiltonian is expressed as [11] [12] [13] [14] [15] ,
where,H 0 is the parent hamiltonian of a parameter P ′ and H ′ is the perturbed hamiltonian. In VIPT,
P ′ is the variational method and,
The parent hamiltonian H OP ′ and perturbed hamiltonian H P ′ now depends on the variational parameter P ′ . Similarly,in the wave-function P will be replaced by P ′ which is treated as the trial wave-function. Applying,variational method we can calculate the energy eigenvalue and by minimising that the variational parameter is calculated. To,this variationally improved wave-function stationary state perturbation theory is applied and the wave-function corrected upto first order is given by,
The energy corrected upto first order,
where ψ(k) and E k are the wave function and energy eigenvalues of the k t h state which are orthonormal to j th state. The superscript (0) is the zero th -order correction of the corresponding quantities.
VIPT with Coulomb Parent and Linear perturbation:
Let us consider a trial wave-function as,
Where,α ′ is the variational parameter. Now following variational method, we get ,
where,A = ,and α s is the strong coupling constant.Now,minimising ,
This equation is solved by using Mathematica7 and we find the variational parameter for different Heavy Flavour mesons which is shown in T able.1. So,we now replace α ′ 10 by the variational parameterᾱ ′ 10 . Now the k th state in the summation of equation (5) which is the 2s state is given by,
Hence,the corrected wave-function upto first order is,
The summation in equation (27) is dropped since we are considering single k th state. Now substituting the wave-functions we get the total wave-function corrected upto first order as,
where "N" is the normalization constant and is obtained from,
VIPT with Linear parent and Coulomb perturbation:
For another analysis we consider the trial wave-function as Airy function,
Here,b ′ is the variational parameter and ̺ 0n are the zeroes of airy function such that A i [̺ 0n ] = 0,and is given as[]:
For different S states few zeroes of the Airy function is listed below: It is worthwhile to mention that wave-functions containing Airy function are the solutions of Schrodinger equation for linear confinement potential and it is an infinite series in itself,as:
with,a 0 = 0.3550281 and b 0 = 0.2588194. The corresponding energies are [12] ,
Now we consider the single k t h state in the summation of equation (7) which is the 2s state given by,
Therefore,the wave-function corrected upto first order following VIPT,
where,
and α = 4αs 3 ,also,
The normalization constant is obtained from,
Mass and Decay constants of Heavy Flavour mesons in VIPT:
Taking into account the energy shift of mass splitting due to spin interaction in the perturbation theory,the mass formula for pseudo-scalar mesons is given by [21] , [22] ,
For pseudo-scalar mesons,the decay constant f p is related to the ground state wave function at the origin ψ(0) according to Van-Royen-Weisskopf formula [23] , in the non-relativistic limit as,
where,M p is the mass of pseudo-scalar meson . Now with QCD correction factor it can be written as,
And,
The ratios of pseudo-scalar decay constants eg.for B S and D s meson can be expressed as,
Mass difference of vector and Pseudo-scalar mesons:
The mass difference between the Pseudo-scalar and vector meson is given by [24] ,
where m Q is the mass of heavy quark and mQ is the mass of antiquark. This is attributed to the hyperfine interaction and α = 4αs 3
where α s is the strong coupling constant.
Oscillation frequency:
The neutral B d and B s meson mix with their antiparticles by means of Box diagram and involves exchange of W bosons and u, c, t quarks which leads to oscillation between mass eigenstates [25] , [26] . The oscillation is parametrized by mixing mass parameter △m given by,
Where,η t is the gluonic correction to oscillation(=0.55 [27] ) and B is the bag parameter(=1.34 [27] ) and the parameter g(x t ) is given as [28] ,
and,x t = The variational parameter obtained for the two options is tabulated below(Table2 and 3). 
Mass:
Following the formalism developed in section.2,we calculate the masses of pseudo-scalar mesons which are shown in Table. [29] . The calculated masses of different heavy-light mesons are compared with the recent results from lattice QCD [30] and QCD sum rules [31] and also with recent experimental results [29] (Table.4 ). It can be easily seen that our results with VIPT FOR option Coulomb parent linear perturbation agrees well with those. Specifically,the mass of D s meson estimated in VIPT with Coulomb parent Linear perturbation is 1.969GeV ,which is in excellent agreement with Lattice (1.969GeV ),QCD sum rule (1.97GeV ) and recent PDG data(1.968 ± 0.0033).The pattern is more or less similar in other mesons.
We calculate the mass difference between pseudo-scalar and vector mesons and compare with available lattice results and is shown in Table5. From the table,it is clear that while calculating mass difference between PS and vector mesons,Dalgarno's method provide results,which are in well agreement with lattice results. 
Decay Constant:
The decay constants of a few H-L mesons are calculated with VIPT and shown in Table. 6.Here too,our results with VIPT(Coulomb parent Linear perturbation)is in well agreement with Lattice results [34, 35, 36] ,QCD sum rules [37] and recent PDG data [29] .As an illustration,the decay constant of D meson is 0.260Gev 
Oscillation Frequency:
The mixing mass parameter ∆m ,which is connected to the oscillation of neutral mesons is also calculated and compared with the results of QCD sum rules,lattice QCD and exp.data,which is shown in table.8. Here too,our predictions with VIPT(Coulomb parent Linear perturbation) is in good agreement with lattice results [38] ,QCD sum rule result [39] and exp.data [40] , [41] . At the phenomenological level,within the set of parameters used,the Masses and Decay constants of heavy flavour mesons estimated with VIPT for coulomb parent linear perturbation is in better agreement with the results of lattice Qcd,Qcd sum rules and exp.data,while in case of mass difference between pseudo-scalar and vector mesons,Dalgarno with Linear parent coulomb perturbation is better.
Conclusion:
In this work,we have considered two approximation scheme viz.Dalgarno's perturbation theory and Variationally Improved perturbation theory(VIPT) for Cornell potential to study some properties of Heavy Favour mesons.Detailed comparison is made between the two methods. It is found that VIPT(coulomb parent linear perturbation) gives good result in masses and decay constants,while in calculating mass difference between pseudo-scalar and vector mesons,Dalgarno(linear parent coulomb perturbation) is better. The results of perturbation theory are expressed in terms of finite power series which converge to the exact values when summation is taken up to higher order. But,in Dalgarno's method, however the results become increasingly worse since the series is divergent (being asymptotic). At this juncture, the variational method which estimates variationally optimized parameters (through energy minimization) helps in converting the divergent perturbation expansion to a convergent one which can be evaluated. The variational method is quite cumbersome as it is difficult to choose an appropriate trial wave function in terms of unknown parameter which is later optimized to estimate the parameter. But in VIPT, we use a known wave function as the trial one (e.g. the 1s state H-atom wave function) and then optimize it to get the new parameter(s) (e.g. 10) which make the perturbation series convergent.
However,sensitivity of our results to the scales of input parameters is a scope of future study. 
